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Abstract 

We prove the regularity of weak 1/2— harmonic maps from the real line into a 
sphere. The key point in our result is first a formulation of the 1/2— harmonic map 
equation in the form of a non-local linear Schrodinger type equation with a 3-terms 
commutators in the right-hand-side . We then establish a sharp estimate for these 
3-commutators. 
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1 Introduction 

Since the early 50's the analysis of critical points to conformal invariant Lagrangians has 
raised a special interest, due to the important role they play in physics and geometry. 

For a complete overview on this topic we refer the reader to the introduction of [TTj . 
Here we recall some classical examples of conformal invariant variational problems. 

The most elementary example of a 2-dimensional conformal invariant Lagrangian is 
the Dirichlet Energy 

E{u) = I \Vu{x,y)\^dxdy , (1) 
Jd 

where D ^ is an open set and u: D ^ M, Vu is the gradient of u . We recall that a 
map (p: C ^ C is conformal if it satisfies 

d(f) d(j) 
dx dy 

d± ^ Q (2) 

dx' dy 

y detV0 > and V0 ^ 

Here (■, ■) denotes the standard Euclidean inner product in IRJ^ . 

For every u G M) and every conformal map 0, deg(0) = 1, the following holds 



E{u) = E{u o (f)) = j \{V o (j))u{x,y)\^dxdy . 

Critical points of this functional are the harmonic functions satisfying 

Am = 0, in D . (3) 
We can extend E to maps taking values in IBJ^ as follows 

E{u) = I \Vu{x,y)\^dxdy = I y ^\Vui{x,y)\^dxdy , (4) 
Jd Jd 



where Ui are the components of u . The Lagrangian (jll) is still conformally invariant and 
each component of its critical points satisfies the equation ^ . 

We can define the Lagrangian (jlj) also in the set of maps taking values in a compact 
submanifold M C without boundary. In this case critical points u G W^''^{D,M) of 
E satisfy in a weak sense the equation 

-An ± TuM , 
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where T^M is the tangent plane a A/" at the point ^ G A/", or in a equivalent way 

— Am = y4(n)(Vu, Vm) := A{u){dxU, d^u) + A{u){dyU, dyu), (5) 

where A{!^) is the second fundamental form at the point ^ G A/" (see for instance |10j). 
The equation ([5]) is called the harmonic map equation into A/" . 

In the case when M is an oriented hypersurface of iR™ the harmonic map equation 
reads as 

- Am = n(Vn, Vu) , (6) 

where n denotes the composition of u with the unit normal vector field v to M . 

All the above examples belongs to the class of conformal invariant coercive Lagrangians 
whose corresponding Euler-lagrangian equation is of the form 

-Am = /(m,Vm), (7) 

where / : IB? x (iR™ (g) R^) —>■ M"^ is a continuous function satisfying for some positive 
constant C 

c-'\p\'<fi^,p)\<c\p\', ve,p. 

One of the main issues related to equation ([7]) is the regularity of solutions u G W^'^{D, Af) . 
We observe that equation ([7]) is critical in dimension n = 2 for the W^'^-norm. Indeed if 
we plug in the nonlinearity f{u,'Wu) the information that u G A/"), we get that 

Am G L^{D) and thus Vm G L^'^^D) the weak L? space (see |22j), which has the same 
homogeneity of . Hence we are back in some sense to the initial situation. This shows 
that the equation is critical. 

In general W^'"^ solutions to equations ([7]) are not smooth in dimension greater that 
2 (see counter-example in [IS])- We refer again the reader to [H] for a more complete 
presentation of the results concerning the regularity and compactness results for equations 

(CD- 

Here we are going to recall the approach introduced by F. Helein |T0] to prove the 
regularity of harmonic maps from a domain D of Ft' into the unit sphere S*™"^ of iR™ . 
In this case the Euler-Lagrange equation is 

-Am = m|Vm|^ (8) 

It was observed by Shatah [21] that u G W^''^{D, S'™~^) is a solution of ([H]) if and only if 
the following conservation law holds 

div(MjVMj — UjS/Ui) = 0, (9) 

for alH, j G {1, . . . , m} . 

Using ([9]) and the fact that \u 
(IH]) in the form 



= 1 =^ — 0' Helein wrote the equation 

- Am = V^B ■ Vu. no) 
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where V"*"!? = (V'^Bij) with V^Bij = UiWuj — UjVui , (for every vector field v : IB? —>■ iR", 
V'^v denotes the tt/2 rotation of the gradient Vf , namely V~^v = {—dyV, dxv)) . 
The r.h.s of ffTUj) can be written as a sum of jacobians: 

V^BijVuj = d^UjdyBij - dyUjd^Bij . 

This particular structure permits to apply to the equation ([S]) the following result 

Theorem 1.1 j2Bf Let D be a smooth bounded domain of IB? . Let a and b be two mea- 
surable functions in D whose gradients are in L'^{D). Then there exists a unique solution 
ip G W^''^{D) to 

^ da db da db . ^ 

dx dy dy dx' (11) 
(f = on dD . 

Moreover there exists a constant C > independent of a and b such that 

\Moo+\\Vv\\L2<C\\Va\\L.\\Vb\\L2. 

In particular ip is a continuous in D . 

Theorem 11.11 applied to equation (ITOl) leads, modulo some standard localization argument 
in elliptic PDE, to an estimate of the form 

II Vn||i2(B^(^.g)) < C ||V-B||l2(b^(^„)) \\Vu\\L2(Br{xo)) +Cr \\Vu\\L'2(dBr{xo)) (12) 

for every xq E D and r > such that Br{xo) C D. Assuming we are considering radii 
r < To such that max^.(,goC II V-B||l2(b,.(xo)) < 1/2, then f|T2|) implies a Morrey estimate 
of the form 

sup / iVwp dx < +00 (13) 

a;o,r>0 J Br{xo) 

for some f3 > which itself implies the Holder continuity of u by standard embedding 
result (see [S]). Finally a bootstrap argument implies that u is in fact C°° - and even 
analytic - (see [H] and [E]). 

In the present work we are interested in 1 dimensional quadratic Lagrangians which 
are invariant under the trace of conformal maps that keep invariant the half space IB\: 
the Moebius group. 

A typical example is the following Lagrangian that we will call L— energy - L stands 
for "Line" - 

L{u) = [ \A^/Mx)\^dx , (14) 

where u: IB ^ Af, A/" is a smooth fc-dimensional submanifold of IB^ which is at least 
C^, compact and without boundary. We observe that the L{u) in ffT^ coincides with the 
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semi-norm | |u| |^^/2(jR) (for the definition of || ■ ||//i/2(jfj) we refer to Section [2]) . Moreover 
a more tractable way to look at this norm is given by the following identity 

j \A^/^u{x)\'^dx = inf jy ^ \Vu\^dx : u G W^^^M'^, FT), trace S = u| . 

The Lagragian L extends to map u in the following function space 
H'/\R, ^^) = {uE H'/\R, iR™) : u{x) E a.e, } . 
The operator A^/^ on IR is defined by means of the the Fourier tranform as follows 

(given a function f, / denotes the Fourier transform of /). 

Denote vr^ the orthogonal projection onto M which happens to be a map in a 
sufficiently small neighborhood of A/" if A/" is assumed to be C^^^ . We now introduce the 
notion of 1/2-harmonic map into a manifold. 

Definition 1.1 A map u G H^^'^{]R,J\f) is called a weak 1/2-harmonic map into J\f if for 
any G C^ilR, iR™) there holds 

j^Lin^iu + t(/))) = . 

□ 

In short we say that a weak 1/2— harmonic map is a critical point of L in H^^'^(]R,J\f) for 
perturbations in the target. 

1/2— harmonic maps into the circle might appear for instance in the asymptotic of 
equations in phase-field theory for fractional reaction-diffusion such as 

where u is a complex valued "wave function". 

In this paper we consider the case A/" = S"^"^. We first write the Euler-Lagrange 
equation associated to L in ij^/^(iR, S"^~^) in the following way 

Proposition 1.1 A map u in H^^^{]R, S"^^^) is a weak 1/2-harmonic map if and only if 
it satisfies the following Euler-Lagrange equation 

A^/\uAA^^\) = T{uA,u), (15) 



5 



where, in general for an arbitrary integer n, for every Q E H^^'^(IR'^, AiixmiSi)) i > 0^ 
and u G H^^^{IR"', IR"^) , T is the operator defined by 

T{Q, u) := A^/\QA^/%) - QA^/\ + A^'^uA^'^Q . (16) 

□ 



The Euler Lagrange equation (iTSll will often be completed by the following "structure 
equation" which a consequence of the fact that u G 5*"*"^ almost everywhere : 

Proposition 1.2 All maps in H^^'^(]R, S'^~^) satisfy the following identity 

A'^\u ■ A^/\) = S{u-, u) - n{A^'\ ■ UA^/^u) . (17) 

where, in general for an arbitrary integer n, for every Q G H^^^^Si^jAiexmiSi)), i > Q 
and u G H^^^{1R'^, IR"^) , S is the operator given by 

S{Q, u) := A^/^lQA^/^u] - n{QVu) + n{A^'^QnA^/^u)A^/% ■ HA^I^u (18) 

and TZ is the Fourier multiplier of symbol m(^) = i-^^ . □ 

In the present work we will first show that i^^/^ solutions to the 1/2-harmonic map 
equation (fT5|) are Holder continuous. This regularity result will be a direct consequence 
of the following Morrey type estimate that we will establish : 



sup r ^ 



[ lA^/^Mp dx < +00 (19) 



xo£M,r>0 J Br(xo) 

To this purpose, in the spirit of what we have just presented regarding Helein's proof 
of the regularity of harmonic maps from a 2-dimensional domain into a round sphere, we 
will take advantage of a "gain of regularity" in the r.h.s of the equations ffT^ and ffTTj) 
where the different terms T{uA, u), S{u-, u) and 7?.(A^/^m ■ TZA^^^u) play more or less the 
role which was played by V'^B ■ Vu in f fTOl) . Precisely we will establish the following 
estimates : for every u G H^/'^{R,R"') and Q G H^/^{R, MexmilR)) we have 

||T(Q,n)||^-v.<C||Q|| (20) 

(21) 

and 

\\niA'/\ ■ 7^AV4n))||^_./. < C ||«||?,V2(^) • (22) 

Our denomination "gain of regularity" has been chosen in order to illustrate that, under 
our assumptions u G H^/'^{1R, M"^) and Q G H^^'^{1R, MixmiR)) each term individually 



M.txm{JR) denotes, as usual, the space of ^ x m real matrices. 



6 



in T and 5* - like for instance A^^^{QA^^^u) or QA 



1/2 



U 



- are not in H but the 



special linear combination of them constituting T and S are in H~^^'^. In a similar 
way, in dimensi 
theorem above, 



way, in dimension 2 , J{a,b) := ffg - satisfies, as a direct consequence of Wente's 



\\J{a,b)y^,<C \\a\\ (23) 
whereas, individually, the terms and l^f^ are not in H~^. 

' ' ax ay ay ax 

The estimates (1201) and (1211) are in fact consequences of the following 3-terms com- 
mutator or simply 3- commutator estimates which are valid in arbitrary dimension n and 
which represent two of the main results of the present paper. We recall that BMO de- 
notes the space of Bounded Mean Oscillations functions of John and Nirenberg (see for 
instance [91 ) 



1 



\u\\BMO{ir) 



sup 



u{x) — 



1 



\Br{xQ) 



u{y) dy 



dx 



{xo£]R" ; r>0} \Br{xo)\ J Br(xo) 

Theorem 1.2 Let n e IN* and let u G BMO{IR'^), Q G H^^^{]R'\ Mixm{M)) . Denote 

T{Q, u) := A'/\QA'/\) - QA'/\ + A'^^A'/^Q , 
then T{Q,u) G H^^^^ and there exists C > 0, depending only on n, such that 

\\TiQ,u)\\H-i/2 < C \\Q\\m/-^{IR)\H\BMO ■ 



Theorem 1.3 Let n e IN* and let u G BMO{IR''), Q G H^/^{R'', MexmilR)) 



(24) 
□ 

Denote 



S{Q,u) := A^/^[QA^/\] - 7^(QVu) + 7^( A^/^Q7^Al/^ 



u 



where TZ is the Fourier multiplier of symbol m{^) = z j|| . Then S{Q, u) E H ^^"^ and there 
exists C depending only on n such that 

\\S{Q,u)\\h-i/2 < C \ \Q\\h^/2(jh)\\u\\bmo ■ 



(25) 
□ 



The fact that Theorem 11.21 and Theorem 11.31 imply estimates (120|) and fl2Tl) comes from 
the embedding H^/^{IR) C BMO{R). 

The parallel between the structures T and 5* for H^^"^ in one hand and the jacobian 
structure J for in the other hand can be pushed further as follows. As a consequence 
of a result of R. Coifman, P.L. Lions, Y. Meyer and S. Semmes [3], Wente estimate 
fl23l) can be deduced from a more general one : We denote, for any i,j G {1 ■ ■ - n}, and 
a,be H^EJ"), 

J ^ da db da db 
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and denote J{a,b) := {Jij{a,b))ij=i...n- With this notation the main result in [3] imphes 

ll'^(«5&)llij-i(iR") < C ||a||£fi(Kn) \\b\\BMOiiR") (26) 

which is reminiscent to ( HM and (l25l) . Recall also that (1261) is a consequence of a commu- 
tator estimate by R. Coifman, R Rochberg and G. Weiss 

The two theorems 11.21 and 11.21 will be the consequence of the two following ones which 
are their "dual versions" . Recall first that 1H}{IR"') denotes the Hardy space of functions 
/ on iR" satisfying 

/ sup I0J * (ix < +00 , 

where 0t(x) := t~" and where is some function in the Schwartz space S{IR^) 

satisfying Jj^„ dx = 1. Recall the famous result by Fefferman saying that the dual 
space to is BMO. 

In one hand theorem 11.21 is the consequence of the following result . 

Theorem 1.4 Let u,Q e H^/'^{M'), denote 

R{Q,u) = A'/\QA^/^u) - A^'\Qu) + A^'\{A^'^Q)u) . 

then R{Q,u) e n^{R'') and 

\\R{Q, u) 1 1^1 < C\ \Q\\H^n(jR) I Mn^m^ja) ■ (27) 

In the other hand theorem 11.31 is the consequence this next result. 

Theorem 1.5 Let u,Q e H^^^ and u E BMO. 

S{Q, u) = A'/\QA^/^u) - ViQTZu) + UA^'^A'I^Qnu) . 

where TZ is the Fourier multiplier of symbol m{^) = . Then S{Q, u) G H} and 

||^(Q,m)||hi < C'll<5lli/i/2(iR)l|w|li/i/2(K) • (28) 

□ 

We now say few words on the proof of estimates [27] and [28l The compensations of the 
3 different terms in R{Q, u) will be clear from the Littlewood-Paley decomposition of the 
different products that we present in section 3. Denoting as usual 'n.i{fg) the high-low 
contribution - respectively from / and g - denoting 112 (/gf) the low-high contribution and 
Y\.^{fg) the high-high contribution we shall need the following groupings 
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• i) For Ili{R{Q,u)) we proceed to the following decomposition 

MR{Q, u)) = U^iA'/\QA'/\)) + U^i-A'^^iQu) + A'/\iA'/^Q)u)) . 

• ii) For Il2{R{Q,u)) we decompose as follows 

MRiQ, u)) = U2iA'/\QA'/^u) - A'/\Qu)) + U2iA'^\iA'/^Q)u)) . 

' v ' ^ V ' 

• ii) Finally, for Ils{R{Q,u)) we decompose as follows 

Us{R{Q,u)) = U,{A'/\QA'/\))~U,{A'/'{Qu)) + MA'/\{A'/^Q)u)) . 

' V ' ^ v ' ^ V ' 

Finally, injecting the Morrey estimate f|T9|) in equations f|T5l) and f|T7|) . a classical 
"elliptic type" bootstrap argument leads to the following result (see for the details of 
this argument). 

Theorem 1.6 Let u be a weak 1/2-harmonic map in ifi/2(iR,5™-i). Then it belongs to 
HI^{1R, ^™~^) for every s e IR and thus it is . □ 

The paper is organized as follows. 

- In Section |2] we give some preliminary definitions and notations. 

- In Section |3] we prove the 3- commutator estimates Theorems 11.21 and II. 31 

- In section 4 we study geometric localization properties of the H^/^— norm on the 
real line for if functions in general 

- In Section E] we prove some L— energy decrease control on dyadic annuli for general 
solutions to some linear non-local systems of equations that will include the systems 
(HSl) and (HZ]). 

- in Section [HI we derive the Euler-Lagrange equation ffT^ associated to the La- 
grangian ( |T4|) - proposition 11.11 We then prove proposition 11.21 We finally use 
the results of the previous section in order to deduce the Morrey type estimate (fTOjl 
for 1/2— harmonic maps into a sphere. 
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2 Notations and Definitions 

In this Section we introduce some notations and definitions we are going to use in the 
sequel. 

For n > 1, we denote respectively by S{IR^) and S'{]R^) the spaces of Schwartz 
functions and tempered distributions. Moreover given a function v we will denote either 
by V or by J^[v\ the Fourier Transform of v : 

v{S) = = / t;(x)e-^<«'^> dx . 

Throughout the paper we use the convention that x, y denote variables in the space and 
C,, C variables in the phase . 

We recall the definition of fractional Sobolev space (see for instance [23]). 

Definition 2.1 For a real s > 0, 

H'iM") = {ve L'ilR') : lei'^H e L^M")}. 

For a real s < 0, 

iy^(iR") = {ve 5'(iR") : (1 + leH'-^^H e L'ilE')}. 

It is known that H-\M') is the dual of H\1RJ') . 

Another characterization of H^{1R^), with < s < 1, which does not use the Fourier 
transform is the following, (see for instance {25J). 

Lemma 2.1 For < s < 1, u E H^{1R^) is equivalent to u E L'^{1R^) and 



iR" J ]R 



X — J J 



< +00 . 



For s > we set 

\\u\\h^(M") = \ \u\\l2{1R") + |||^|''-^b]||L2(iR") 



and 



\u\ 



For an open set Q C iR", H'^{Q) is the space of the restrictions of functions from 
H'{R") and 

IMii^in) = i^f{\\U\\Hs{M-), U = uonn} 
In the case of < s < 1 then / E H'^^n) if and only if / G L^(n) and 




[u{x) - u{y)) 
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2\ \ 1/2 

< +00 



dxdy^ 



Moreover 



see for instance [25] . 

Finally for a submanifold A/" of iR™ we can define 

H'{R, AT) = {m G H'{R, IB!^) : G U, a.e.} . 

We introduce the so-called Littlewood-Paley or dyadic decomposition of unity. Such 
a decomposition can be obtained as follows . Let 0(^) be a radial Schwartz function 
supported on : |^| < 2}, which is equal to 1 on : |^| < 1} . Let ip{i) be the function 
"^(0 := 0(0 ~ 0(20 • is a bump function supported on the annulus : 1/2 < |0 < 2} . 

We put -00 = 05 V'i(0 = '0(2~''O J 7^ . The functions ^/'j, for j G are supported 
on : 2^-1 < 10 < 2^+1} . Moreover EjG^^i(^) = ^ • 

We then set 0j(O •= Sfc=-oo'^*:(0 • The function 0^ is supported on |0 < 2-^+^}. 

We recall the definition of the homogeneous Besov spaces -Bp g(iR") and homogeneous 
Triebel-Lizorkin spaces Fp^^M^) in terms of the above dyadic decomposition. 

Definition 2.2 Let s e R, < p,q < oo . For f G 5'(iR") we set 

= (Er=-oc2^'^'^ll-^-H^.-^[/]]IIL(K.))'^' ^f<l < oc ^29) 
= supj-ew2-''1|J^~M^i-^[/]]IU''(K") ifQ = 

M^/ien p,q < CO we also set 

\j=-oo / 

The space of all tempered distributions / for which the quantity (jfjn) is finite is 

called the homogeneous Besov space with indices s, p, q and it is denoted by B'^ ^{M"-). The 
space of all tempered distributions / for which the quantity H/Hp^s (jjn) is finite is called 

the homogeneous Triebel-Lizorkin space with indices s,p, q and it is denote by F^^i^IR^) . 
It is known that if"(iR") = Bl^{IR^) = Fl^{IR^) . 

Finally we denote T-C^{1R^) the homogeneous Hardy Space in IR^. It is known that 
n^{]R^) ^ thus we have 
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We recall that in dimension n = 1, the space H^^'^(IR) is continuously embedded in 
the Besov space B^^{]R). More precisely we have 

H'/\R) ^ BMOiR) ^ B'^^^m , (30) 

where (see for instance page 31 in [12], page 129 in |27j). 

The s-fractional Laplacian of a function u : iR" ^ Mis defined as a pseudo differential 
operator of symbol : 

A^(o = \^\''m ■ (31) 

In the case where s = 1/2, we can write A^/^u = — 7^(Vu) where TZ is Fourier multiplier 

n 

of symbol ^ ^ 6 : 



1 

for every X : R"- ^ R"" , namely 7^ = A'^/Miv . 

We denote by Br{x) the ball of radius r and centered at x. If a; = we simply write 
Br . If x,y E R"', X ■ y denote the scalar product between x, y . 

For every function / : R"^ Rwe denote by M{f) the maximal function of /, namely 

M(/)= sup \B{x,r)\-' [ \f{y)\dy. (32) 

r>0,a;gJR" J B{x,r) 



3 3- Commutator Estimates : Proof of theorem 11.2 
and theorem II. 3L 



In this Section we prove Theorems 11.21 and 11.31 . 

We consider the dyadic decomposition introduced in Section [2]. For every j E IN and 
/ G 5'(iR") we set 

We have = X]'fe=o ^^'^ f ~ ^k=o fk (where the convergence is in 5'(iR")) . 

Let f,gE S'{R). Suppose that fg exists in S'{R^). Then we split the product in the 
following way 

fg = Tl,{fg) + Tl2{fg) + Tl;{fg), 
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where 

+00 +00 



—00 fe<j— 4 —00 
+00 +00 

—00 fc>j+4 —00 

+00 

-00 |fe-j|<4 

We observe that for every j we have 

supp^[Ei3-3/.-^^]c{iei<2^+n- 

The following Lemma will be often used in the sequel. 
Lemma 3.1 For every f & S' we have 

supl/^l <M(/). 



Proof. We have 



/^■=^-i[0,.]*/ = 2^- / J^-'m2\x-y))f{y)dy 

JR 

= [ J'-'mz)f{x-2-^z)dz 
Jm 

+00 „ 

= E / r-'mz)f{x-2-^z)dz 

k=-00 ^2k\^2k-l 

+00 „ 

< E / \f{x-2-^z)\dz 

-00 



^ E 2^|.F-^[0](z)|2^-'^ / 

+00 

< M(/) E „ nig^ ^'i^-'i^m < cM(f) . 

In the last inequality we use the fact is in 5(1?") and thus 

+00 



E max 2^|^-^[0](z)|<2 / 1.^-^0] (z) MC, ■ 



fe= — 00 
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We can now start the proof of one of the main result in the paper. 
Proof of theorem II. 4L 

We are going to estimate Ili{R{Q,u)),Il2{R{Q,u)) and Il3{R{Q,u)) 
• Estimate of \\U^{A^/\QA^/^u)\\w ■ 



:[ suplA^/V-^l fv2^g^A dx 



< 



X 1/2 / „ \ 1/2 



j {M{A^'\)fdxj I J Y2'Q]dx 



<C\\u\\^ri.\\Q\\^.l.. 

• Estimate of Ili{A^/'^{A^/^Qu) - A^/^{Qu)). We show that it is in 5° ^ {H^ 
To this purpose we use the "commutator structure of the above term" . 

\\n,{A'/\A'/'Q)u- A'/^QuMbo,, 

= sup [ J2 Yl l^'^^u^'^'^'^^Qj) - ^'^\u^~^Qi)]htdx 

ll'^llsgcoc^^-^^" J \t-j\<3 

= sup / 5" 5" J^[u'-^]J^[A'^^QjA'^*ht-QjA^/^ht]d^ 

= /EE -^["^"1(0 



i \t-j\<3 

T[QmH^'''hM - Oder/' cr/')rfc ) 



Now we observe that in ([MD we have |^| < 2^'^ and 2^'^^ < |^| < 2i+2. Thus 
Hence 

fc=— oo 
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We introduce the following notation: for every k > and g E S' we set 

s,9 = :F-'[r^'^'W:Fg]. 



We note that if /i G -B^^oo then Skh G B, 



s+l/2+k 
00,00 



and ifheH' then Skh G ij^+V2+fc . 
Finally if Q G iJ^/^ ^j^g^ V'=+^(Q) G ij-'^-Vs . 
We continue the estimate 



i \t'j\<3 

j^umn^'^xm - cm - cr^' - i\c\'^')dc)d^ 



/EE -^["^"1(0 



i |t-il<3 



00 ^ 



£=0 



< c 



\h\\ 



00 „ 

El / E E 



< C sup 

ll/^IUo <1 



00 „ 

El / Y.^^''\^'^'u^-'\\smdx 



< 



00 » 

El / Ei2"^'^'^'^'^'^'"'~'ii2^'^'^'^M-M^ 

^=0 i 



< 



£=0 ^3 



by Plancherel Theorem 



£=0 

00 



^=0 

00 



^^E|2'''II^IIhv.||«II^^/^ 



£=0 
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Above we also use the fact that for every vector field X we have 

-i" j=-oD -^^^ k,i i-^>k,j-i>t 

r. +00 

< / '^'KX.fdx. (36) 



j=-oo 



The estimate of \\Ii2{/^^l^{Q/^'^'^u) - /X^)^{Qu))\\j^o^ is analogous to 

• Estimate of ||n2(Ai/^(Ai/^QM)||^i. It is as in (ISSj) . 

• Estimate o{ \\Tl:i{A^'\Qu)\\n^. 

We show that it is indeed in the smaller space ( we have ^ 'H^) ■ We first 
observe that ii h e B^^^^ then A^/^/i G i^^o^oo and 

i i 

A^/2/i^-6= y Ai/2;^fc < sup |2-'^Ai/2/iJ y 2^= < C2^'||/i||eo • 

fcew 

/e=— 00 K=—oo 



|n3(AV2(g«)|| = sup [ J2 H ^"'iQ3^^)h (37) 



ll'^liso 



< C sup 

II^IIro 



< c 



<i J 



4=i-5 



/ E E 2^i^,«^M 
/ E2^^.^ (I E2^-, 



do; 



<C||Q||^v2||u| 



• Estimate of n3(Ai/^(QAi/'^n)) . 
We show that it is in -Bi i- 

We observe that if /i G ^ then ^^l^h G B^/^ and thus 
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\Us{A'/\Q,A'/\m^o = sup / V V A'/\QjA'/\,)h 

i+6 

i |fc-il<3 



sup 

Mf.0 <lJlR" 



<c sup ii/^iIbo^^/ E E 



t=j-5 



dx 



(38) 



The estimate of U3{A^/^{A^/^Qu)) is analogous to ([38]) . □ 

From Theorem 11.41 and the duahty between BMO and Ti^ we get Theorem II. 2[ 
Proof of Theorem 11.21 . 

For all h,Q e H^/'^ and u G BMO we have 



[{A^'\QA^/\) - QA^/\ + A^'^QA^'\]hdx 



[{A^'\QA^'%) - A^/\Qh) + A^/\hA^'^Q]udx 



by Theorem (11. 4p 

< C\\u\\bmo\\R{Q, h)\\ni < C'||M||BAfo||Q||i/i/2 1 1/^11^1/2 



Hence 



\T{Q,u)\\jj--L/2 = sup / T{Q,u)hdx < C\\u\\bmo\\Q\\h 



1/2 



□ 



Proof of theorem II. 5L We observe that 7^ is a Fourier multiplier of order zero thus 
TZ: if-V2 ^ ^-1/2^ ^1 ^ g^n^ ^ ^o^ ^ggg ^) _ 

The estimates are very similar to ones in Theorem ll.4| thus we will make only the 
following one. 

• Estimate of Ui{nA^/\A^/^Qnu) - V(Q7^u)). 
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We observe that Vm = Al/^7^Al/^^^ 

f J2 Yl [^Al/^(Al/^Q,7^M^"^) - V(gJ7^M^■-')]/^^rfx (39) 



i |t-il<3 



Now we can proceed exactly as in and get 



ll/^ll 



sup / E E [^A^/^(A^/^Q,W-^) - V(Qj W-^)]/itcia; 



J |t-il<3 



<C||Q||^./.||n||^v..n 

From Theorem 11.51 and the duahty between IH} and BMO we obtain Theorem 11.31 . 
Proof of Theorem 11.31 It follows from Theorem 11.51 and the duality between H} 
and BMO . □ 

Lemma 3.2 Let u e if^/^^iR"), then n{A^/^u ■ TZA^/^u) e and 

Proof of lemma 13.21 Since 7?,: — 7-^\ it is enough to verify that A^^^m ■ TZA^/'^u G 
• Estimate of Iii{A^'% ■ TZA^/^u) 



J ■ 

'■ j=—oo 

„ +00 

< / sup|(7^A^/V"^)l(E[^'^^"^■]')'^'^^ (40) 

f. „ +00 

< ( / \M{nA'/\)\^dxy/^i / J2 [^'^\fdxy/' 



j=-oo 

2 



< C\\u\ 

The estimate of the Ti norm of U2{A^/'^u ■ TZA^/^u) is similar to 
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Estimate of U^iA^/^u ■ TZA^/^u) . 



i+6 



sup 



i |fe-i|<3 

E E 



We only estimate the terms with ^, being the estimates with ht similar . 



(41) 



I'^ll 



sup [ J2 Yl {^^''^u^n{A^/\k)-ujVuk)y-^dx 



i |fc-il<3 



by arguing as in (1341 

<C||n||^,/, 

Finally we also have 



\W 



sup f -S/{ujUk)h^ ^dx 

= sup /EE \{'^iUk)yh^'^dx 

<C sup II^IIbo / 2^UjUkdx 



j \k-j\<3 
|2 

1^1/2 • 



We get the following result 
Corollary 3.1 Let n e H^/'^{IR^ , S"^-^) . Then 

A^'^[n- A'/^n] e 



(42) 



19 



Proof. Since n ■ Vn = we can write 



/4 



n\ 



- n[A'^^n ■ 7^A^/^r^] 
= Sin-, n) - -n[A^/^n ■ TZA^'^n] . 

The estimate (H2l) is a consequence of Theorem 11.51 and Lemma 13.21 which respectively 
imply that S{n-, n) E and 7^(A^/^^^ • TZA^/^n) E . □ 

4 Geometric localization properties of the i/^/^— norm 
on the real line. 

In the next Theorem we show that the H^'^{[a,b]) norm (— oo < a < b < +oo) can be 
localized in space. This result, besides being of independent interest, will be used in 
Section [5] for suitable localization estimates. For simplicity we will suppose that [a, b] = 

[-1,1]- 

Theorem 4.1 [Localization of H^/^{{-l, 1)) norm] Let u E H^/^{{-l, 1)) . Then for 
some C > we have 



2 - V Il7/I|2. 

m/2{{-i,i)) — 1 1 "I Iff 1/2 (Aj) 

j=-oo 



where Aj = -B23+1 \ B23-1 . 

Proof. We set for every i E A'- = \ B2i-i and u[ = l^^l^^ J^, u{x) dx (i.e. the 
mean value of u on the annulus A[). We have 

i^.^JA'JA'^ \x y\ 

J A' J A' \X — V\ 

j = -ooi>j + l'' A] I ^1 

+2 E / / '"'riiry' ^-"^- 



J = — CXD J J 
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We first observe that 



i,j=-oo" "^'i ^ ^'i ^1 i,j=-oo^ ^ "^i 1"^ ^1 

and 

JL r r \u{x) - u{y)\'^ ^^^^^ ^ f f 



j=-oo ^j+l ' j=-oo''"^J "'"^J 



It remains to estimate the term J2i>j+i 
We have 



Ev^ / / \u(x) — u(y)\'^ , , 



J A' I A' 

J = -00 t>J + l "-i ^3 





E / Hx)-u{y)\^dxdy 



j=~ooi>j+2 JA\JA'- 




■^"^ / 4' / 4' 







j=—oo i>j+2 



+ E E 2"''2' / \u{x)~u[\^dx 

j=-ooi>j+2 ''^'i 

+ ^2 11 l^^\uiy)-u'^\'dy). 



j=—oo i>j+2 

Estimate of E .L-oo E.>,+2 2~'^2^- - u',\'dx 
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^ 5^ 2-''2^ I \u{x)-u',\'dx 

=-oo i>j+2 

^ 5] 2-2^2^- / \u{x)-u[\''dx 







= X^2-2^ [ ^\u{x)-u[\'dx{J2^') 

i=-oo ^^'i j<i-'2 



l= — OD 



i=—oo 



\x - y[ 

In the last inequality we use the fact that for every i it holds 

\A[\-^ f \u{x)-u[\'dx 

< l^r' / Hx) - f u{y)dy\'dx 

J A' J A' 

< l^r' / / \u{x)-u{y)\^dxdy 

J A', JM 



<cf f tiplMl, 

J A' J A' F - y\ 



Z 1 



Estimate of E -=-00 Ei>,-+2 '^'^"^^ L', Hv) ' ^'j?du 

^ J] 2-^ I \u{y)-u',\'dy 

j=-ooi>j+2 ''^'3 

= ^ [\u{x)-u,\'dx{J2^-') 

^ i=-oo J ^3 



J A' J A' 
J=-oo ^2 
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Estimate of Ei=-oo Ei>j+2 2~2^2^+^ |m^ - . We first observe that 



K-^'/<{t-j)J2\u'e 



i-l 

I |2 



£+1 ^£ 



and 

where ui = \Ai\~^ J^^ u{x) dx . 

We set ag = l^^l"^ \u — u^\^dx . We have 



j=—OD i>j+2 

j=—ooi>j+2 j £=—oQ j=^oo i—j^i+i^j 



We observe that 



i-j>i+i~j 

and 



/• + 00 



(4^ 



/ + 00 
2-\t+l)dx<C, 
j = -oo 

for some constant C independent on i . Therefore we get 

^2 E 2-'^2^^^K-^;r (49) 

j=—oo i>j+2 

<t j:i'-j)2'-'^a,<cta,<ct I j \<^l-_l\f i.iy. 

j=-ODi>j+2 j £=-00 f=-oo -^^^ "^^^ ' ^' 



By combining (ill) , (iSl) , (116]) , (il]^ finally obtain 





ijl/2((_l,l)) ^ E I I"! Ii/1/2(A^) ■ 



-oo 



Next we show that 





E ll"ll|l/2(A,) ~ ll"ll|l/2((_l,l)) • (50) 



e=-oo 
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We observe that for every i we have Ai — C(,\J Da where = 3^1+^ \ B^t and Di — 
B^i \ B^t-i . Thus 

Jdi^hJdi \^-y\ JDi^hJct \x-y\ 

Since U£(Q x , U£(D^ x Ci) and U^(D£ x Q) are disjoint unions contained in [0, 1] x [0, 1] 
we have 



E 




u{x)-u{y)\'^ f f \u{x)-u{y)\ 



\x - 


-y? " 


\u{x) 


-u{y)\' 




- 


\u{x) 


-uiy)\^ 



^ /_ '"'211 ■''"'y ^ I. ...I. ... T:1.7 • 



^Jd,Jd, \x-y\' ir_i,iiJr_i, 



\x - 




\u{x) 




1 k 









/i?,,,^, \x-y\ 

It follows that 

,1)) 



[-1,1] ^[-1,1] 

and we can conclude. □ 
Remcirk 4.1 By analogous computations one can show that for all r > we have 

+ 0O 

II I l9 

\u 



2 II 11^ 

j=-oo 



where A^, — B^^j+ij. \ B2i-ir , where the equivalence constants do not depend on r. 



Next we compare the H^^^ norm of A ^/^(MA^/^u) with the norm of MA^/^u, 
where u e H^/'^{IR) and M e H^/^{IR, Mp^m{JR)), P > . 

Lemma 4.1 Let M e H^/'^{lR,Mp^m{JR)), m>l,p>l, and u e H^/^{R). Then there 
exist Ci > 0; C2 > and no e ]N, independent of u and M, such that, for any r e (0, 1), 
n > no and any xo G M, we have 
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+ 00 „ 



-C2 Yl 2"' / \M^"\\^ dx. 

h=-n J B^hMl)\^2h-^Mo) 

Proof of lemma 14. IL We write 

where n > is large enough (the threshold will be determined later in the proof) . 

For any p > 0, we denote by l|a;|<p and lp<|a;| the characteristic functions of the sets 
of point X E M respectively where < p and |x| > p. For all p < cr we also denote by 
^p<\x\<(T the characteristic function of the set {x G iR ; p < \x\ < a}. We have 

||A-V4(MAV4«)||^v.(b.) > ||A-V4(]i^/^„maV4^)||^v.(b.) 
- ||A-V4((i _ ]i|,|<,/2")MAV4^)||^,/,(^^) 

> ||A-^/^(l,/2.MA^/^w)||^,/,(^„) - ||A-i/4(l,/2n<i.i<4.MAi/4w)||^V2(B.) 

-||A-V^(l|.|>4.MAi/^)||^./.(^^) 

> ||A-i/^(]l|,,|<,/2nMAi/^M)||^V2(Bo - ||A-i/4(]l,/2n<|,,|<4.MA^/^u)||^,/2(K) 

-||A-V4(]i|^l^^^,MAV4^)||^,/,^^^^ . 

We estimate of the last three terms in (1511) . 
• Estimate of ||A-i/^(l^/2n<|^|<4,,MA^/^u)||^i/2(jR). 

\\A-'/\lr/2-<\.\<ArMA'/\)\\%,, = I \MA"\\^ dx 

ir/2"<|x|<4r 

1 



(51) 



(52) 



/i=_„>^2'>r<|a;|<2''+ir 

Estimate of ||A-i/4(1|^|>4^MA^/^u)||^i/2(b^) . We set 
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With this notation we have 




at as 



Br J Br \X ~ y 



2 




g{x){-. rrj- — -. r-j-)dx 1 dt ds 



'Br J Br \'t - \J\x\>Ar \'t - A'^''^ |S " A'^''^ 

by Mean Value Theorem 

JBr "'-Br \;^=4 ^2''r<|a:|<2''+lr J 

by Holder Inequality 
by Cauchy-Schwartz Inequality 

+00 / +00 „ N 

< CiY, 2"') E 2"'* / |MAV4«|2 

(+00 „ N 

• Estimate of \\A-^/'^{li^i<r/2"MA'^/'^u)\\Hi/2^Br) ■ 
We set 

Al := {x : 2'*-V < |x| < 2'^+V} 
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By Localization Theorem 14. II there exists a constant C > (independent on r ) such that 

+00 

h=~oo 



00 

2 

/i=0 



+C'5^||A-i/4(l|,|<,/2nMAi/^M 



• Estimate of Yl=Q\\^~^'^{M^\<r/2-M^^l^u)\\\,^,^^,y We set now 

/(x) := l|,|<,/2n (MA^/^m). 

Using this notation we have 
+00 

J]||A-V4(1,.,<./2.MAV4^)||2^^/,^^^^ 
by Mean Value Theorem 



(55) 



/i=0 ""^h " 
+00 



If n is large enough in such a way that CC/2" < 1/2, we get, combining ( ISTl) . ( l52l) . ( 153 
( |5^ and (1551) . for some Ci, C2 positive. 



||A-V4(MAV4«)||^,/,(^^^ 



> Ci /" iMA^/'^up dx 

+ 00 „ 



(56) 
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which ends the proof of the lemma. □ 

In the following Lemma we compare the H ' norm u) in the 

annuli Ah = B2h+i{xo) \B2h-i{xo) with the norm in the same annuli of MA^/^m. Such 
a result will be used in the following Section for suitable localization estimates. 

Lemma 4.2 Let M e H^/^{R, Mpy,m{IR)), m>l,p>l, and u e H^/^{R). Then there 
exists C > such that for every 7 G (0, 1), for all n > uq E IN (uq dependent on 7 and 
independent of u and M), for every k E 'Z , and any xq G 1R, we have 

+00 „ 

E2'-''l|A-"*(MA"Mll?,..,B,.„<„„B,..,w„ < 7 / |MAVV|V« 

h = k JB^k-nixo) 
+ 00 » 

+ ^ 2"t^ / \MA'/%\^d^. 

h=k-n JB^h+iMXB^h-iixo) 

Proof. Given h E Z and £ > 3 we set = B2h+i{xo) \B2h-i{xo) and Dih = B2h+e{xo) \ 
B2h-e{xo) . For simphcity of notations we suppose that xq = but all the following 
estimates will be independent on xq. 

We fix 7 G (0, 1) . 

We have 

< 2\\A~'/'ln,^MA'/%\\l,^,^^^ + 2||A-V4(1 - lnjMA'/%\\l,^,^^^^ . 

The constant i will be determined later. 

• Estimate of 1 1 A-^/^l^^, ,^MAi/^u| l^^/^^^^ . 

\\A-'/'1d,^^MA'/'u\\1,,,^^^= j \MA"\\^dx 

B>ih 

= J2 \MA^/\\''dx. (57) 

s=h-i •^B^s+i\B2s 

We multiply (E?!) by 2^=-^ and we sum up from h = k to +00 and get 

+00 +00 „ 

5^2^-'^||A-V4l^,,MAV4n||i,/,(^) <C2' J2 / \MA'/'u\'dx. (58) 
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• Estimate of ||A-i/^(l - 1d,JMA^/^u\ 
We set ^ = (1 - lD,,jMAV4^i. 



I I \iri2^9)it)-(ri2*9)(s)\^ 



"^^^^^'^^ JaJa.. \t-s 



Iff , I 1 ^ ^ 



+2 / / / q{x)i-, TTTTr — 1 m7;)dx\ dtds 

We estimate the last two terms in (l59l). 



1. Estimate of /^^ /^^ ^ (ii.|>2^+h ^?(a;)(^z^ - J^^)dx') dtds . 

Iff 1 I V 

g{x){- —pr — 7T7^)dx dtds 




Ah J Ah 



\t- \J\x\>2^+'^ ''\x-t\y^ \X-S\y^' 



by Holder Inequality (60) 

2 



<C f [ i ^ ' [ \g{x)\^dx)^/A dtds 

J Ah J Ah \ „_>, , * i2=<|x|<2=+i / 



'Ah J Ah \s=h+e 

by Cauchy-Schwartz Inequality 



oo / oo „ N 

s=fc+£ \s=h+e J2^<\x\<2^+^ , 



\g{x)\ dx 

1 

We observe that in flUUl) we use the fact that, since i > 3 then |x — 1|, |x — s| > 2*^-*^ for 
every x,y e Ah and 2"* < |^| < 2^+^ . 
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We multiply the last term in (I6OII hj 2^ ^, where k E and we sum up from h 
to +00. We get 

+00 / 00 „ N 

y^^k-k^h^i V \MA'/\\^dx 

h=k \s=h+l A=<|x'|<2»+1 ^ 

= 2-^ V 2'=-^(s -i-k)( [ \MA'/^u\^dx] 

s=k+i Vi2»<ixi<2«+i y 

+ 00 y „ 

2. Estimate of /^^ Xi^ ^ (4|<2'-^ - ^z^)^^;) rftrfs 

For h > k we have 




^ Aft JAft r "I \^ |x|<:i"-- 

ny Mean Value Theorem 



1 — — I / Qix)i-, —777:7 — 1 ^ M /^ )dx] dtds 



1 1 



<C / / / ^(x)max(- — -,- tth)'^^] ^^^^ 

J An J An \J\x\<2h-i F " ^1 F " ^1^ 

<C I [ 2-'^^2^-'( [ \g{x)\^dx] dtds 

J A. J A. Vi|x|<2''-^ / 



C2-' / \MA^/%\^dx 



= C2''I f \MA'/^u\^dx+ V [ \MA'/^u\^dx] . 

\J\x\<2k-i sffc^^"^2»^|C|<2»+i J 

In ( l62ll we use the fact that since £ > 3, t, s G and |a;| < 2^~^ we have |a; — 
2^-2. 

We multiply (lU^ by 2^"^^, and we sum up from h = k to +oo. We get 




fl'(^)(i iTT? ~ I mT?)'^-^ ) dtds 



iHJAn\^~y\^\J\x\<2'^-' |x-s|l/2 |x-t|l/2 

+ 00 

< ; " / 

<2'=-'^ J2'i<|x|<2'»+1 



C2-^ / \MA'/\\^dx + C2-^' V 2^-'^ / iMA^/^npda;. 

J\x\<2^-^ , , n J2^<\x\<2^+^ 
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We choose £ so that C2 ^ < 7 and let no > L Then for all > rig we obtain 

h-l 



E2' 

h=k 



C2~' [ \MA'/\\'dx + C2-'' J2 I \MA^/\\^dx 



s=k-l' 

+00 



By combining (!3H|) . (!UT]) . (lUHl) . for n > we finally get 



+00 

l^l/2(A^) 

h=k 

+00 



<-f \MA'/\\^dx+ J2 / 2'=-'^|MAi/^M|2rfx. 

and we conclude the proof. □ 
Next we show a sort of Poincare Inequality for functions in if ^/^(iR) having compact 

1 /2 

support. We remark that in general the extension by zero of a function in Hq [Vt) = 

C^(f2) , ri open subset of IR is not in H^^'^{IR) . This is the reason why Lions and 
Magenes [12] introduced the set Hqq for which Poincare Inequality holds. 

Theorem 4.2 Let v G H^/'^{1R) he such that supp{v) C (—1, 1). 
Thenv e L^{[-1,1]) and 



■1,1] 



\v{x)\^dx<C\\v\\%,,,{{-2,2)). 



Proof. We have 



\x - y\ 



\v{x)\'^dx<9 [ [ j^^^'^l dxdy 

1,1] Ji<\y\<2\J\x\<i^^-"^ 

-^l<|y|<2 J\x\<l 



< c 



\x - 
x) - 

i<|y|<2| ^|x|<i \^ — uV 
v{x) - v{y)\'^ 



<C I I — -^dxdy 



\x 



-^dxdy = C\\v\\%,/,{[-2,2]) . 



\y\<2\ J\x\<2 

We can conclude. □ 
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From Lemma 14.21 it follows that 

\\v\\Lm-r,r)) < C'^^''^ll^'lli/l/2(iR) • 

We conclude this Section with the following technical result. 

Proposition 4.1 Let {ak)k be a sequence of positive real numbers satisfying 
+00 and for every n < 

n / +00 

—00 \A;=7i+1 

Then there are 0</?<l,C>0 and n < such that for n < n we have 

n 

—00 

Proof. For n < 0, we set An = X]-oo ^l- We have al = — A^-i and thus 

+00 +00 
An<Cj22^{A,- <C{1-1/V2)J2 A - CAn 

n+l n+1 

Therefore 

+00 

An < T2_^2^^Ak, 

n+l 

T = jfy{l-1/V2)<l-1/V2. 
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The relation (16511 implies the following estimate 

+00 

An < rAn+i + r}_^ 2^^^ 



n+2 



by induction 



vn+2 



2 ^ ^0+7f|E2 ^ A 



r(r + l/v^) 5^2^A 



vn+2 



r r + l/V2 



, / — X ^ n-\-o — k 

A„,+2 + l/V2^2^A 



n+3 



again by induction 



<r(r + l/v^)2 5^2^A, 

n+3 

< ■ • • 

+00 

<r(r + l/v^)-"^2-'^Afc 



fc=0 



<r(r + l/v^)-- 5^ 



/i=— 00 



Therefore for some /5 G (0, 1) and for all n < we have 

An<C{TY. □ 

5 L-Energy Decrease Controls. 

In this Section we provide some localization estimates of solutions to the following equa- 
tions 

and 



/4 



u 



(66) 
(67) 



where Q G H^'\1R, Mi^^{lR)) , M G H^'\IR, Mp^m{JR)). i,P>l. 
We will consider a dyadic decomposition of the unity ipj such that 



supp 



{(fj) C 52, + i \ 52,-1, ^(Pj = l. 
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For every h E Z , we set 



Xk 



k-l „ 

V'v^j , , Uk = \B2k\''^ I 



u{x) dx, 



Ah = B2h+i \ i?2h-i and u'^ = \Ah\ ^ / u{x) dx , 

A'l^ = \ i?2h-i and u'^ = \A'f^\~^ / u{x)dx . 
We prove the following results. 

Lemma 5.1 Let Q e H^/'^{R, Mi^mi^)) , M e H^/'^{R, Mpy,m{Si)), i,p > and let 
u E H^^^{]R, ]R^) he a solution of ( fg^) . Then for k < with \k\ large enough we have 



5^(2^)||MAV4n||i. 



(Ah) 



(68) 



.h=k 

oo 



+ J:(2^)||AV^ 



h=k 



Lemma 5.2 Let Q G H^/'^{IR, M^^^) , M e H^/'^{IR, Mp^^{IR)), i,p > 1 and let u G 
R^I'^{]R^]R^) he a solution of ( [^7] ). Then for k < with \k\ large enough the estimate 
/EH) holds. 



In the next Section we will see that weak 1/2-harmonic maps u satisfy both the equations 
(fTS!) and (fT7|) which are (!66l) and (!67|) with (M, Q) given respectively by {uA,uA) and 

We premise some estimates. 
Lemma 5.3 Let u E H^^'^(]R). Then for all k E Z the following estimate holds 



^2^= 1l<^/x(M-Mfc)|lHi/2(K) < C 



h=k 



(69) 



.s<k s>k 

Proof of Lemma 15.31 . We have first 

\\^h{u - Mfc)|lHi/2(jR) < - u^)\\m/H]R) + \ \^h\\m/H]R)\^k - u''\ . (70) 
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We estimate the r.h.s of ( |70l) . We have 

Ih1/2(JR) 




\LPh{u - u^){x) - Lfhiu - u''){y)\'^ 



< 2 



Ah J An \^ - y\ 

\u{x) - u{y)\^ 



-dxdy 




\x - y'l' 



< C 



'Ah J Ah 




dxdy + \\V(ph\\^oo I I \u — u'^Ydxdy 



Ah J Ah 



\u — u^l'^dx 



<C^||m"' 



m/HAh) ■ 

where we use the fact ||Vv2/i||oo < C2'^. 

Now we estimate \uk — u^\. We can write Uk = Yle=-oo 2^~'^'u''^ . 
Moreover 



„ fc-1 h-l 

< C\Ah\-^ / |n - u^l + V 2'-^ V - u'^' 

J Ah 



-oo 

fe-1 h-l 



<C\Ah\-^ I \u-u^\dx+ 2^-^'^|A,+i|-i I \u-u'+^\dx 

•^^h £=-00 S=f. JAs + 1 



< C 



\u — u 

l=-oo 
fe-1 h-l 

i^||hv2(a,)+ E 2'-' El 1^1 

-oo s=£ 



m'^{As+x) 



Thus combining (17T1) and ( ]72l) we get 

||(^;,(m-m'*)||^i/2(jr) < [ll<^/.(^-^^^)llHi/2(iR) + ll<^h|lHi/2(iR)l^fc -m'' 

fc-1 /l-l 



< c 



-oo s= 



Multiplying both sides of fl73|) by 2 and summing uo from h = k to +oo we get 

+00 fc— 1 h 

j22--^ E 2'-' E 



/i=fc £=-oo s=£+l 



<CE2 

s<A: 



+ E2' 



s<fc ft>fc e<s s>k h>s i<k 



EE2' 



'"'M|li/i/2(^^) + E^'' "II'"IIh1/2(A,) 

s>fc 
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This ends the proof of Lemma [5.31 . □ 

Now we recall the value of the Fourier transform of some functions that will be used 
in the sequel. 

We have = l^l""""^^- The Fourier transforms of |a;|, a;|a;|~"'"/^, \x\^^'^ are the 

tempered distributions defined, for every ip G S{IR), respectively by 

{rM,f) = {r\-l^]*rH'f} ^ {p.v.(l)*(sYo(:^hf) (75) 

p.„./' ^W7<°> d.; 



{T[x\x\-'/%^) = {:F[x]^T[\x\-'/%v) = {p.v.{^)^{5y,{x),^) (76) 
= P-^-£b(^)-^(0)]^^rf^ (77) 

and 

Next we set 

F(Q, a) = A^/\Qa) - Q/S^'^a + A^'^Qa , 

and 

G{Q, a) = n/\^'\Qa) - QA^/^TZa + A^'^QTZa . 

We observe that T(Q,m) = F(Q, A^^^) and S{Q,u) = nG{Q,A^/^u) . 

Lemma 5.4 LetQ e H^/\1R, Miy,m{^)), M e H^/\IR, Mpyn,{lR)) and let u G H^/\R) 
be a solution of (E^. Then there exist C > 0, n > (independent of u and M) such that 
for all ?7 G (0, 1/4) for all k < (ko depending on rj) and n> n , we have 

I \Xk-4{w - Wk-4) Wm/^iR) < v\\Xk-4A^^^u\\L2 (78) 

(00 +00 ^ 

h=k h=k—n 

where w = A'^^^{MA^^^u) and we recall that Xk-i = I on i?2fc-5 and Xfc-4 = on B^i,-4, 
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Lemma 5.5 LetQ e H^/^{1R, Me,,m{M)) , M e H^''^{IR, Mpxm{JR)) and let u G H^/^{R) 
be a solution of [6l\ ). Then there exist C > 0, n > (independent of u and M) such that 
for all rj G (0, 1/4), for all k < ko (k^ depending on rj) and n > n , we have 

I IXk-iiw - Wk-i) I Ihi/2(jr) < V\\Xk-4^^^'^u\\L^lR) (79) 
/ oo A:-3 ^ 



\h=k h=k—n 



where w = A-^/^{MA^/^u) . 

Proof of Lemma 15.41 . 

We fix r/ e (0,1/4). 

Let A; < be large enough so that ||xa;(Q — Qk)\\H'i/'2{M) — ^5 where e G (0, 1) will be 
determined later. 
We write 



F{Q, A'/\) = F{Q,, A'/^u) + F{Q2, A' 



/4 



where Qi = XkiQ — Qk) and (^2 = (1 — Xk){Q — Qk) ■ We observe that, by construction, 
we have supp{Q2) C WQiWhu^^m) < ^ and | IQ2I Ihi/2(k) < 1 1<5| liji/2(K) • 

We rewrite the equation (l66l) as follows: 



+00 



A^/\Xk-A{w - Wk-A]) = - Yl ^'^^(Mw - Wk-4)) (80) 

/i=fc-4 

+ F{QuA'/\)+F{Q2,A'/\). 

We multiply the equation (JHOl) by Xk-^iw — Wk-4) and integrate over M. We get 

„ +00 „ 

/ \A'^^^{xk-4{w - Wk~4))\'^dx = - ^ / A^^^{iph{w - idk-4)){Xk-4{w - Wk-4))dx 

Jm h=k-4-^^ 

+ [ F{Q^,A'/^u){xk-,{w-Wk-4))dx+ [ F{Q2,A'/%){xk-4{w-Wk-4))dx. (81) 
Jm Jm 



We estimate the last three terms in (IHTl) . 

• Estimate of - Y^'t=k-4 Im^^^'^^'^'^^^ "~ Wk-4)){Xk-4{w - Wk-4)) ■ 
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Case k-A<h<k-3 

fc-3 



h=k-4 



k-3 



< ll(Xfe-4(w- Wfc_4))||Hi/2(K) 

by Lemma [5.31 

< \\{Xk-4{w - Wk-4))\\m/^(^IR) I 



h=k-A 



12) 



k-3 



h=k~4 
k-3 



fc-5 h 

e=-oo s=i+i 



< C\\{Xk-4{w - Wk- 



4jJlli/l/2(JR) 



.h=—oo 



From Localization Theorem 14.11 it follows that 

fc-6 



h=—oo 



where C > is independent of k and w . Thus there exists rii > 6 such that n > ni we 
have 

k—n ^ 

C Y 2''"1kllifi/2(A,) < gll(Xfc-4(w-?Z;fc_4))||Hi/2(jR)- 

/l = — oo 

Thus for n > rii we have 

fc-3 



/ A^^'^{iph{w - Wk-4)){Xk-4{w - Wk-4)) 



h=k-4 



k-3 



^h-ki 



<^\\{Xk-4{w -Wk-4))\\%i/2^j[i) + C Y "\\^\\m/HA^) 

h=k—n 



(83) 



Case k — 2 < h < +00 . 

In this case we use the fact that the supports of iph and of Xk-4 are disjoint and in 
particular ^ {fhiw - Wk~4)) * {Xk~4{w - Wk-4))- 



38 



+00 „ 



h=k-2 



+ CXD 

<C 5^ 2-2^2'^/2||^,(u;-w;,_4)||^,(jp)2'=/2||x,_4(u;-^fc_4)||L^(K) 

/i=fc-2 

by Theorem 14.21 

+00 

< C7 E 2^^^\\iph{w-Wk-4\\HV2(^ja)\\Xk-4{w-Wk-A\\H^/2(^ja) 
h=k-2 

by Lemma I 



+00 



■^k-i-h 



<C Y. 2 

/i=fc-2 

WXk-^iw - iDfc 

+cx> 



fc-5 

£=-00 s=£+l 



'4j|li/l/2(JR) 



< c 



,fc-4-/i| 



,h=k~2 s<fc-4 \/i>fc-4£<s-l 



E 



^IIh1/2(A,) 
s>fc-4 \h>s-ie<k-4: 



E E2 



< C 



fc-5 



,fc-4-/i| L,,| I . I !2^-(k~4) 

_h=k—A h=—oo 

Let n2 > 6 be such that if n > n2 we have 

k—n 



\\Xk-i{w - Wk-4)\\Hi/2^M) 

\\Xk-4{w - Wk-4)\\m/^(]R) 



C ^ 2 

/l= — CO 



h-{k-4))\ 



1 



m/2(Ah) - g\\Xk-4{w - Wk-4)\\m/2(IR) ■ 



Thus if n > n = max(ni, n2), then from (IH^ and (15^ it follows 
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+ 00 „ 

y2 / A^/'^{<^h{w -Wk-4)){Xk-'kiw -Wk-4)) (85) 
-I. aJir 



h=k-4: 



^ +00 
< j\\Xk-4{w - Wk-4)\\%i/2(jli) + C Yl 2 



4 

h=k—n 

• Estimate of Jj^F(Qi, A^^'^u){xk-4iui — Wk-i))dx . 
We write 



+00 



h=k-4 

The following estimate holds 

/ F{Q,,Xk-,A^"u){xk-A{ w — Wk-4))dx (86) 

by Theorem 11.41 

< C'IIQl|lifl/2(iR)IIXfc-4A^/*^M||L2||Xfc-4(w - Wfc„4)||^i/2(jj) 

Ce\\xk-AA^/^u\\L2 Wxk-ii.w - Wk-i) 1 1 Hi/2(K) • 

By choosing £ > small enough, we may assume that Ce < ^ < ^ . 
Case k-4:<h<k + l. 
We use again Theorem II .41 

fc+i p 

V / F{Q^,^,,A'l%){xk-A{w-Wk-A))dx (87) 

h=k-AJ^ 

by Theorem 11.41 

fc+i 

5^ IIQl|li/i/2(JR)ll¥'/«A^^^w|U2(K)||Xfc-4(w- Wfc_4)|li/1/2(JR) 
/i=fc-4 

Case h> k + 2. 

We estimate the single terms of F{Qi, LphA^/^u){xk-Ai'w — Wfc-4)) • 
We observe that if h > k + 2 then the supports of Qi and iph and those of Xfc-4 and 
ifh are disjoint. Therefore 

F(Qi, (^;,Ai/4M)xfc-4(t^ - ^fe-4) = QiA'^\^hA'/^u){xk-A{w - Wk^^)) . 
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+ 00 „ 

+00 „ 



h=k+2 
hoo 



h=k+2-^'^ 

+00 

+00 

<C E 2-'/'^\\^,A'/\\\LA\Qi{Xk-4w-Wk-ML^ 

h=k+2 

by Theorem 14.21 

+00 

<C E 2''"''IIQl|li^V2(jR)|| ||¥'/iA^/^M||L2(K)||Xfe-4(u^- Wfc-4)||Hi/2(jR) 

+00 

<C 2''-''\\y^hA'/\\\L2\\xk-4{w - Wk-,)\\ 

h=k+2 

• Estimate of Jj^ F{Q2, A^/^-u) (xk-ii^ ~ Wk-4))dx . 
As above we write 

+00 

F(Q2, = F{Q2, Xk-^A'/'u) + E F{Q2, ^h^'^'u) . 

h=k-4 

Since the support of Q2 is included in B^^-i, we have 

F{Q2, Xfc-4A^/^U) iXk-4{w - Wk-i)) = A^/''(52(Xfc-4A^/^M) (Xfc-4(W - Wk-4 
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We can write Q2 = Y.h=k-i ^h{Q2 - Q2k-i), {Q2k-i = 0) • 

{w — Wk-i))dx (89) 

+00 „ 

h=k-l 

+00 „ 

<CJ2 J'-\\e^'){[MQ2-Q2k-i)]^[iXk-,A'/'u)ixk-,iw-Wk-,) 

h=k-l -^^ 



+ CXD 

\\Xk^4A^^'^u\\L2\\Xk-4{w - Wk-4) 

h=k-l 

From Lemma I5.3[ by choosing possibly k smaller, it follows that 



+00 



7] 1 



C J2 ^~\\^hiQ2- Q2k-i)\\m/mH) < i < 



h=k-l 



4 16 



• Estimate of /iR-^(<52, V^/iA^/S)(Xfe-4(w - Wk-4.))dx . 

The following estimates holds. 

k+l „ 

V / F{Q2,VHA'/\){xk-A{ w — Wk-i))dx (90) 
fe+i 

<C' J] \\Q\\HU\R)\\VhA^'M\LA\Xk-i{w -Wk-4)\\H^/2^Jli)■ 
h=k-4 

On another hand since the support of Q2 is included in B^^._i, ii h > k + 1, we have 

F{Q2, v3hA^/^n)(xfc_4(w - Wfc-4)) = iXk-iiw - Wk-4)) 
[A'/\Q2 ^hA'/'u) - Q2A'^\^,A'/\) + A'/'Q2V,A'/^ 

= iXk-4{w - Wk^,))A'/\Q2^HA'^%) . 
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Let iph £ C^{1R), ■j/'/i = 1 in B2h+i \ -62^-1 and supp{%lj) C B2h+2 \ i?2h-2 . 
+00 „ 

^ / F{Q2,'^h^^'\){xk-i{w-Wk-i))dx (91) 
h=k+i -'^ 
+00 „ 

/i=A;+l "'^ 
+00 „ 

= E / -^"'(ler/')(KAi/'«(Q2-g2fc-i)]^[x.-4(^-^fc-4)])rfa; 

+00 

<C 5^ 2-3/2'^||y.,Al/^M||i2(K)||^^(Q2-g2fe_l)||L2(iR)||Xfc-4( 
h=k+l 
+00 

< C 5^ 2^-^\\^]!\Q2 - Q2fc_i)|lHV2(^)||^f AV4«|U.(k)||x.-4(^ - ^.-4)||^V2(K) 

h=k+l 

by Cauchy-Schwartz Inequality 

(+00 \ 1/2 / +00 \ 1/2 

/i=fc+l / \h=k+l 



\\Xk-A{w - Wk-A)\\m/^]R) ■ 

From Lemma [5.31 (with (f replaced by ip) and Theorem 14.11 we deduce that 



+00 



h=k+l 

Thus 

+00 



J2 2'~^'\\MQ2 - Q2k^i)\\hf.^j,^y^' < c\\Q\\ 



-l-cxj „ 

E / -^(Q2,V5hA^/^M)(Xfc-4(w - Wfc-4))c^a: < C||Xfc-4(w - Wfc-4)||i/l/2(K) 

h=k+l 



+00 



1/2 



\h=k+l 



By combining flH71) . flH^ . fl^ and fpT]) we obtain (for some constant C depending on Q) 

/ F{Q, A^^^u){xk-i{w - Wk^i))dx < !^||Xfc-4A^/^M||i2||xfc-4(w - Wfc_4)||^i/2(K) 

+00 

+ C 5^ 2"t^||AV4«||i2(^^)||x,-4(«;-^.-4)|lHV2(jR^). (92) 



h=k-4 
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Finally for all n > n we have 

+00 

\\Xk-i{w - Wk-4)\\m/\M) <^||Xfc-4A^/^M||^i/2(jR) + C 2'="''lkllHi/2{A,) (93) 

h=k—n 

+00 

)ViiaV4, 



+ C J2 S'^IIA^^ 



u\ 



h=k-i 

and we can conclude. □ 
We prove Lemma [5.51 

Proof of Lemma 15. 51 . The proof is similar to that of Lemma [57il thus we just sketch 

it. 

We observe that equation (!U7|) is equivalent to 

n^'''\MA''\) = G{Q, - A'/% ■ . (94) 

We fix r/ e (0,1/4). 

Let < be such that ||Xfc(Q — 0fc)ll_ffi/2(jR) < ^ and ||xfcA-'^/'''u||^i/2(jj) < e , with 
£ > to be determined later. 
We write 



G(Q, A'/^u) = GiQi, A'/\) + GiQ2, A' 



/4 



U 



where Qi = Xk{Q - Qk) and (^2 = (1 - Xk){Q - Qk) ■ We observe that supp{Q2) C B^^-i 
and WQiWhi/^m) < ^• 

We also set Ui = XkA^^^u and U2 = {I - Xk)^^^^u and w = A-^/'^{MA^/^u) . 



We rewrite the equation fl94|) as follows: 

+00 

nA'/\Xk~4{w - Wk-4)) = - T^^^'\Vh{w - Wk-i)) (95) 

h=k-A 

+G'(Qi, A"%) + G(g2, A^/^) + nl(7^Al/^M) + U2(7^A^/^M) . 
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We multiply the equation (l95l) by Xk-4{ui — Wk-i) and integrate over IR. We get 
Jn 

+00 „ 
h=k-i'^^ 

+ G{Qi,A^^\){xk-4{w-Wk-4))dx 
Jm 

+ [ G(Q2, A'/%){xk-4iw - Wk-4))dx (96) 

+ / ui{TZA^^'^u){xk-4{ui - Wk-4))dx + / U2{TZA^^\){xk-4{w - Wk-4))dx . 
Jm Jm 

We observe that jj^U2{TlA^/'^u){xk-A{w — Wk-A))dx = 0, having U2 and Xfc-4 supports 
disjoint . 

• Estimate of - Yl=k-4 !M'^^^^'^^'^h{w - Wk-4)){Xk-4{w - Wk-4))dx . 
Case k-A<h<k-?,. 

{W - Wk~4)){Xk-4{w - Wk-4)) 

h=k-4-^^ 

- 5Z / ll^^^^('/'?»(^-^fc-4))lli/-i/2(jR)||(Xfe-4(w-Wfc_4))|lHi/2(jR) 
h=k-4-^^ 

by Lemma [^751 (97) 



h=fc-4 



fc-5 /i 



-00 s=£+l 



||(Xfc-4(w- Wfc_4))||j^i/2(jR) 

Let ni > 6 be such that 

k—rii 



C ^ 2^"1kll//i/2(A,o < gll(Xfc-4(w-u;fc_4))||i/i/2(K) 



h=—oo 

Thus if n > ni we have 

fc-3 



SZD< l\\{Xk^4{w-Wk-4mhf^jR)+C Yl ^'~'\Mm/HA,)- (9^ 



h=k—n 

Case k — 2 < h < +00 . 
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In this case we use the fact that 

SUpp{{iph{w - Wk~i)) {Xk-A{w - Wk-i))) ^ B2h+2 \ B2h-2 , 

and in particular ^ {{'^h{w - Wk-A)) * {Xk-A^w - Wk-A))) ■ 
+00 „ 

/ TZA^^"^ {iph{w - Wk-A)){Xk-A{w - idk-A))dx (99) 

h=k-2''^ 
+00 „ 

/ J^'^iOix) {[^h{w - Wk~A))]-*^[Xk~A{w - Wk-A)]) dx 



h=k-2 

+00 „ 

= ^ / 6'q{x) {iph{w - Wk~A)) {Xk-A{w - Wk^A))) dx = . 

u—u r,JlR 



h=k-2 • 



• Estimate of jj^ui{TZA}^^u){xk-A{w — Wk-A))dx . 
We have 



uiiJZA ' u){xk-A{w - Wk-A))dx 

» +00 „ 

= / ui{TZui){xk-A{w - Wk-A))dx + ^ ui{niphA^^\){xk-A{w - Wk-A))dx . 

By applying Lemma [3.21 we get 

Ui{'R.Ui){Xk-A{w - Wk-A))dx 



M 



C\\ui{nui) \\n\\ {Xk-A{w - Wfc_4)) I |^i/2(jR) 

<C\\Ui\\l2\\ {Xk-A{w - Wfc_4)) I |^i/2(K) 

< Ce\\xkA^^\\\L2 1 1 {Xk-A{w - Wk-A))\\m/^]R) ■ 

By choosing e > smaller we may suppose that Ce < ^ . 

Now we observe that ioi h > k the supports of iph and Xk-A are disjoint. Thus we 
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have 



+00 „ 

^ / Ui{n(phA^^^u){xk-dw - Wk-4))dx 
+00 

h=k 



h=k 

+00 



<Ce^2 2 \\<^h.A^/\\\L2\\{xk-4{w -Wk-4))\\m/^{Mi)- 



h=k 

The estimate of the terms 



X 



/ G{Qi,A^^\){xk-4{w-Wk-4))dxcLnd / G{Q2, A^/'^u){xk-4{w - Wk^4))d 

JR Jm 

are analogous of those of 

/ F {Q I, A^^\) {xk-4{w - Id k-4))dx and / F{Q2, A^^\){xk-4{w - idk-4))dx 
Jm Jm 

and so we omit them. □ 

Now we can prove Theorem 15. II and 15.21 . 

Proof of Theorem 15.11 . 

From Lemma 15.41 it follows that there exist C > and n > such that for all n > n, 
< 1] < 1 / 4, k < ko {ko depending on 77), every solution to ( l66l) satisfies for some constant 
C > dniD and thus 

+00 

h=k~n 

+00 
h=k-4 

We fix n > n 
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From Lemma [4.11 it follows that there exist Ci,C2 > and mi > (independent on 
n, k) such that if m > mi we have 

\\Xk-4{w - iZ;fc-4)|||i/2(jR) > (101) 

Finally from Lemma [4.21 it follows that there is C > such that for all 7 G (0, 1) there 
exists m2 > such that if m > m2 we have 



hoo 



=k—n h=k—n 

r. +00 „ 



By combining (fTUUj) . ffTOTD and (fTU^ we get 



+00 



Ci||MAV^.||i.(,^_) < C (2^)||MAV4,||^,^^^^ + C2 5: 2^||AV^.|U. 



h=k—n—m h=k—n—m 



WllXk^^^'^MlhiM) + Cl\\MA'/\\\'__^ . 



We choose 7, > so that ^C^i < 1/4 and ^rf < 1/4 . 
We get for some constant C > 



^ ^ I I L2(i32j._„_^ ) /^^^^ ^ I I -^'^(-Bjfc — n — m ) (103) 



< c 



00 +00 

Y: (2^)||MAV^.||i.(^^)+ 5: 2^||AVS||,.(,,) 

,h=k—n~m h=k—n—m 



Thus by replacing in (11031) A; — n — m by /c we get ( l68l) and we conclude the proof . □ 
The proof of Theorem 15.21 is analogous to that of Theorem 15.11 and thus we omit 

it. 
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6 Morrey estimates and Holder continuity of 1/2- 
Harmonic Maps into the Sphere 

We consider the m — 1-dimensional sphere S"^~^ C iR™. Let Usm^i be the orthogonal 
projection on S"^~^ . We also consider the Dirichlet energy 

C{u) = [ \A^/%{x)\^dx . (104) 

JlR 

where u: M ^ 5'"^^ . 

The weak 1/2-harmonic maps are defined as critical points of the functional f ll04p with 
respect to perturbation of the form Ilsni-i{u + t(j)), where is an arbitrary compacted 
supported smooth map from M into M"^ . 

Definition 6.1 We say that u E H^^^(IR, S"^~^) is a weak 1/2-harmonic map if and only 

if, for every arbitrary compacted supported smooth maps (j) from M into IRJ^ we have 

^£(ns™-i(u + t0))|t=o- 

We introduce some notations. We denote by /\{IBJ^) the exterior algebra (or Grassmann 
Algebra) of IR^ and by the symbol A the exterior or wedge product. For every p = 
1, . . . , m, /\p(iR™') is the vector space of p-vectors 

If (ej)i=i,...,m is the canonical orthonormal basis of IR^ then every element v G Apl-^"*) 
is written as v = ViCj where / = {ii, . . . ,ip} with 1 < ii < . . . < ip < m , Vj := 
and 6/ =:= Cj, A . . . A . 

By the symbol L we denote the interior multiplication L: l\^{IBJ^) x /\^(iR™) — »• 
f\q^p{JR^) defined as follows. 

Let 6/ = Cj^ A . . . A ejp, ej = A . . . A Cj^, with q > p. Then e/Lej = if / ^ J, 
otherwise Cjl-Cj = {—l)^eK where ck is a q — p vector and M is the number of pairs 
{i,j) e I X J with j > i . 

By the symbol • we denote the first order contraction between multivectors. We recall 
that it satisfies a»P = aL/3 if /3 is a 1-vector and a«(/5A7) = (a«/5) A7+(— 1)^''(q;«7) A/3, 
if f5 and 7 are respectively a p-vector and a g-vector . 

Finally by the symbol * we denote the Hodge-star operator, * : Ap(-^™) ~^ Am-p(-^'^)' 
defined by */3 = (ei A . . . A e„) • (3. For an introduction of the Grassmann Algebra we 
refer the reader to the first Chapter of the book by Federer[7j . 

Next we write the Euler equation associated to the functional (11041) . 

Theorem 6.1 All weak 1/2-harmonic maps u G H^^'^{]R,J\f) satisfy in a weak sense 
i) the equation 

I /\^''^uvdx = Q, (105) 

J]R 
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for every v G C^{1R, M"^) and v G T^^x)-^ almost everywhere, or in a equivalent way 
a) the equation 

A^/2uAm = 0, mV , (106) 

or 

Hi) the equation 

A^I\uAA^'\)=T{Q,u)- (107) 

with Q = u A . 

Proof of Theorem 16.11 

The proof of ( llOSp is the same of the one of Lemma 1.4.10 in JTO\ , so we omit it. 
We prove (ITOHjl . We take cp G C^iR, Am-2(^"'))- The following holds 

if Au A A^^'^udx = I *{ip Au) ■ A^^'^udx] ei A . . . Acm (108) 

7R \J]R J 

Claim : v = *{ipAu)e H^/^{R, M"') and v{x) G T„(^)5™-i a.e. 
Proof of the claim. 

The fact that v G H^^^{IR, IR^) follows form the fact that its components are the 
product of two functions which are in H^/^{1R, M^) n L°°(iR, M^) . 
We have 

V ■ u = *{u A (f) ■ u = *{u Aip Au) = . (109) 
It follows from ffTOHD and ffTOSD that 



/ AuA A^/'^udx = 

J]R 



This shows that (A^^'^u A u = 0, in "D' , and we can conclude . 

As far as equation fll07p is concerned it is enough to observe that A^/^m A m = and 
A^/^u A A^/^u = . □ 

By combing Theorem 16.11 Proposition 11.21 and the results of the previous Section we 
get the Holder regularity of weak 1/2-harmonic maps. 

Theorem 6.2 Let u G H^'^{]R, 5™"^) he a harmonic map. Then u G CO'°(iR, 5™-^) . 

Proof of 16. 2i From Theorem 16.11 it follows that u satisfies equation (11071) . Moreover, 
since |m| = 1, Proposition 11.21 implies that u satisfies (11 7p as well. Theorem 15.11 and 
Theorem 15.21 yield respectively that for A; < 0, with \k\ large enough 



oo ^ 

\u 



A A^^uWl.,,^^, < C Y.{2^)\ \A^^M\h,^^, + J • (110) 



h=k 
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and 



oo ^ 

■ ^'"-whiB,.) < c-Zi^'^m^'MW^iA^, + ziiA^/^«iii.(.,) . (Ill) 



h=k 



Since 
we get 



oo 

k-h , 



l|A^''-lli^(B,.) <^E(2^)II^'''^IIW.)- (112) 

h=k 

Now observe that for some C > (independent on k) we have 

c- x: iiA-''-ii!.,..,<iiA'Niw, ,<c iiA"'«iii.,.4.,. 



2 

h=—oo h=—oo 



Thus from ffTT3l) and ffTTTl) it follows 

fc— 1 oo 



j: iiA'/Mii.„,,<c5:(2'*^)iiAV'„iii.,,,,. 



h=—oo h=k 



By applying Proposition 14.11 and using again flll2p we get for r > small enough and 
some (3 G (0, 1) 

f \A^/\\^dx < Crf^ . (113) 

t/ Br 

Condition (11131) yields that u belongs to the Morrey-Campanato Space (see P), 

and thus u e C°'f^/^{1R) , (see for instance [H E]) • □ 
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